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Classical and Quantum Descriptions of a Nonlocal
Confined Particle—Quarks

Kh. Namsrail?
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Some aspects of classical and quantum theories of quarks, gluons, and their
interaction mechanisms are considered within the framework of stochastic space-
time, which is induced by a random string field. It turns out that quarks and
gluons are extended objects, the propagators of which are entire functions in the
momentum space. It is shown that the topological structure of space-time inside
hadrons plays an essential role in quark confinement and asymptotic freedom.
The strong coupling constant and confinement potential, mass, and energy of
quarks depend on the Euler number, which gives rise to a unified description of
the interaction picture in QCD at short and long distances. Quantization of nonlocal
quark fields is achieved by using an indefinite metric, and their electromagnetic
nonlocal interaction is also considered.

1. INTRODUCTION

It is well known that the majority of observable matter exists in the
form of bounded states (beginning as galaxies, stars, the solar system, atoms,
and finishing as hadrons).

Forces responsible for holding these forms of matter, except hadrons,
are of gravitational and electromagnetic nature, which decrease as 1/r2, where
r is the distance between the constituent parts of the bounded states. The
nature and type of the force between the quarks from which the hadron
structure is formed are not well known, even in the framework of quantum
chromodynamics (QCD). One reason is that QCD does not work at large
distances. The confinement properties of quarks and gluons give rise to
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the proposition that the force between them increases as r”, n being some
phenomenological constant that should be defined from experimental data.

QCD is the modern theory of strong interactions, where quarks and
gluons carrying the “color” quantum number play the essential role in the
understanding of the hadron structure, at least in the short-distance regime
(asymptotic freedom).

However, we still lack a good understanding of longer distance hadron
physics, in particular when quarks and gluons are “confined” inside hadrons.
Many attempts (Efimov and Ivanov, 1993) have been made in this direction,
giving some hope of success.

A distance-dependent regime of QCD makes sense in that not only does
the strong interaction picture depend on the energy scale (distance) (for
example, the strong coupling “constant” decreases with increasing momen-
tum), but also constituent quarks and gluons carrying this interaction may
possess some unusual inner properties that depend on this scale. In this paper,
we will try to understand quarks and gluons as composite objects connected
with the space-time structure in their neighborhood (or inside hadrons). We
assume that space-time, due to the presence of quarks, begins to fluctuate
inside the hadrons and its topological structure gives rise to changes in the
physical quantities of quarks.

This means that the structure of space-time is distorted in the immediate
neighborhood of a particle (quark), which leads to the concept of confinement
and to the problem of reformulating the dynamics of the particle. Further,
we propose that random stringlike objects carry a fluctuational property of
space-time and that these stochastic strings alter the geometry of space-time
(at least inside hadrons); this alteration, in turn, affects the behavior of quarks.
In Namsrai (1993) we showed that this self-referential nonlinear property of
gravity is responsible for the appearance of the nonlocal interaction of quarks
and the confinement force between them. It turns out that quarks and the force-
transmitting quanta—gluons—become extended objects, the propagators of
which possess unusual properties. Moreover, the structural aspect of this
nonlocality depends on the energy (distance) of the quarks and gluons.
Roughly speaking, this distance-dependent property may be understood as
follows. When quarks and gluons travel faster, they look like pointlike objects
(at small distances) and interaction between them takes place at a point, i.e.,
the local-interaction picture is valid. When they move slowly, they become
nonlocal or spread out over space-time, and their interaction turns out to be
nonlocal. In our approach, the topological structure of space-time inside
hadrons plays an essential role. Roughly speaking, if we assume that hadrons
are spread out in a domain characterized by the parameter \/;6 ~ m, "' and
are stringlike carriers of these structural properties with respect to space-
time, then all physical quantities of their constituent parts—quarks—depend
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on a topological invariant known as the Euler characteristic of a two-dimen-
sional surface M by which hadrons are covered.

For example, the mass of a quark depends not only on its velocity as
m = my(1 ~ v¥c?) ™2, in accordance with the special theory of relativity,
but it also depends on the Euler number

m A2
m = (1—_—‘)297;2)—1/5 eXp{T Euler(M)}

Here \ is some constant with the dimension of length (see below). If M has
genus N (i.e., M is homeomorphic to a sphere with N handles, or to a connected
sum of N tori), then Euler(M) = 2 — 2N. Moreover, as shown below (Section
2), the potential force between quarks and the strong coupling constants also
depend on the topological structure of space-time inside hadrons:

)\2
g2=g exp{g Euler(M)}

We observe an interesting fact if we take into account the Lorentz factor in
the definition of the parameter o’ = ag(1 — Q%c?), then, due to the presence
of the topological multiplier (with N = 2), the strong coupling “constant”
decreases with increasing momentum Q of hadrons (“runs”), precisely as
predicted in 1973 with the discovery of asymptotic freedom. Thus asymptotic
freedom, one of the pillars of QCD, is caused by the topology of space-time
at short distances.

This fact explains why, with respect to topology, hadrons may be consid-
ered as a connected sum of N = 2 tori; the mass of the quark and its coupling
constant at low energies go to zero when N — . The latter case gives some
hope of a unified description of the short- and longer distance effects by
means of the topological structure of hadrons.

The purpose of this paper is to study some aspects of classical and
quantum theories of nonlocal “confined” particles, to carry out the quantiza-
tion procedure by means of indefinite metrics, and to show the finiteness of
the theory. Section 2 is devoted to formulating the problem within the frame-
work of the induced gravitation due to stochastic string fields. In Section 3
we consider the classical motion of the particle that is “confined” in some
domain characterized by the parameter ay, where oy ~ m,? is the inverse
string-nucleon tension (or its size).

In Section 4 we briefly discuss the quantum mechanical consideration
of “confined” particles and obtain their Schrodinger equation. Section 5 deals
with the Lagrangian formulation of extended quarks and its regularization
and quantization procedures, in accordance with the Efimov (1977) nonlocal
theory. The construction of the finite gauge-invariant S-matrix and the calcula-
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tion of some of the primitive Feynman-type diagrams of the nonlocal electro-
magnetic interaction of quarks are carried out in Section 6. Within the
framework of our scheme, the nonlocal interaction Lagrangian of QCD,
concrete calculation of the S-matrix elements, and proof of finiteness and
gauge invariance of the theory for such a Lagrangian will be studied elsewhere.

2. STOCHASTIC STRINGS AND TOPOLOGICAL STRUCTURE
OF SPACE-TIME INSIDE HADRONS

Our main assumption is that hadrons are spread out in some domain,
in the immediate neighborhood of which the space-time structure is distorted
and fluctuating. This structure is described by a random string field having
the appearance of a surface effect with respect to the empty space-time outside
the hadrons. In other words, stochastic strings alter the geometry of space-
time, and that alteration in turn affects the behavior of particles—hadrons.
It turns out that the self-referential nonlinear property of gravity is responsible
for the appearance of the nonlocal interaction and the confinement force
between quarks, and their coupling constant depends on the hadron momen-
tum and the Euler number of the “hadron” surface, which may be chosen
arbitrarily small in both the short- and long-distance regimes of QCD.

Let us consider the stochastic space-time induced by random strings,
the behavior of which is described by the probability distribution

PlY] = lexp{—lJ' j d’s, d%o, Jg,/8:Y(o)Dy (o) — ()'z)Yv(O’z)}
N 2 My Iny
qy)

where M is a two-dimensional surface known as the string world-sheet (o
= ¢* = {g! = g, 0% = 1}), which is equipped with a metric tensor g,,, while
space-time has coordinates x*(t) and metric G,,,; Y*(c) are the coordinates of
the strings, and N is a normalization constant.

D, is the inverse of the two-point correlation
(Mo )Y (o))y = D*(a, — 02) 2)

In this paper we use the white noise covariance

2
A — 801 — 0 3)

D* (o) — 0y) = ="

Here R is the Ricci curvature scalar of the manifold M, and \ is some
constant with the dimension of length. We distinguish two possibilities: (a)
A2 ~ G, where G is the Newtonian constant; (b) A2 ~ ag, where aj is the
inverse string tension (the size of the string).
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The former means that fluctuations of the string coordinate takes place
at the Planck scale, while the second case means that coordinates Y*(g) obey
random properties in a domain characterized by the size of the hadron. Further,
we propose that coordinates V(o) are made to fluctuate around the usual
space-time coordinate x*(t):

Y*(0) = —— 8(c o = 1) + MH(a", 0?) @

JeR

where the functions n*(o) are random variables of type of Y*(o).
As shown in Namsrai (1993), the formal transformation

o . NC J d’c &Rnu(a)mc)} = x*A

& = exp{

[n,(0) is a unit vector, —n*’n,(T)n,(7) = 1, depending on the timelike variable

o? = 1 only] leads to the metric tensor
Gux, V) = An,, + €,,(x) + {eb(x)€, (x)] &)
and
G"(x, Y) = A7 "™ — €°(x) + 2€”(x)eg(x) — -]
where

XX (T)ny(7)

oo = L
Lad - / ™ al
It is easily verified that
G"(x, V)Gplx, V) = 8

Now let us carry out an averaging procedure in (5) over the random
variable Y*(g) with the probability distribution (1). Taking into account
formulas (3) and (5) and using the Feynman rules (Feynman and Hibbs,
1965), we have

Gp.v(x) = (Gp.v(x, Y))Y

- [n,w + e + ies(x)ev.,(x)]

X exp{ oy
o

J ofR} (6)
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Here we have used the differential of the string coordinates

ITHO) _ &5 IR 8(a")d(0? — 7)

9x*(1) \/E

in accordance with formula (4) and the fact that n,(7) is a unit vector.
By definition,

Euler(M) = % J d’c JgR =2 — 2N
M

where it is assumed that M has genus N (i.e., if M is homeomorphic to a
sphere with N handles, or to a connected sum of N tori); one gets

4\? 1
G(x) = exp o (1 =Nt + € + 2 €h(x)€,,(x) )

This is a main formula in our scheme. Formula (7) means that the physical
space-time metric of the hadron matter is slightly changed with respect to
the Minkowski one due to topological properties of space-time at short
distances (or inside hadrons).

Let us study the constituent parts—quarks—in hadrons by means of
the space-time metric (7). First of all, it should be noted that when a hadron
travels with velocity Q, then its proper “size” a’ undergoes the Lorentz
space contraction

a’ = ai(l — Q¥c?) ®

At the same time, the constituent quark carries some fraction of the total
proton momentum xv2 = Q% therefore the topological factor in (7) takes

the form
a2 _ ax? _
exp{? a N)} B exp{a&[l i N)} ®

where v is the velocity of the quark. Thus, we are now ready to construct
the theory of induced “gravity” with the metric tensor (5) or (7), by using
the general covariant method (Weinberg, 1972) with respect to the system
of reference x*. For example, in the limiting case when the velocity of the
quark is small, an additional nonrelativistic “potential” ¢ appears (Landau
and Lifschitz, 1971; Namsrai, 1991):

¢ =1c%(—1 - GJ) (10)

Omitting the unessential constant and choosing as unit vector n,(7) in
(5) the four-velocity (Q,, = \/;vu) of the hadron, we have
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U=me = __’22 G,

TSN (150 U WS | I
== exp{a() (1+ CZ>(1 N)}[l x%(l—xvzlcz)] (1D

where x} = 4may. Further, expanding this expression into power series of
xv¥/c? and keeping the main terms, one gets

_ mc? X v B x_2
U= —2- {p(l ;g) + 2 [ 2xp + L(l x(z))]} (12)

2 4 2
p=exp{4—)‘,-<1 —N)}, L=xp{2+i,(1 —N)}
Q QA

0

where

To illustrate the explicit dependence of this potential on the topological
invariant N, we choose v¥/c?> = 1/9, x = 3, and \?> = «y.

For this particular case, the form of the quark potential is sketched in
Fig. 1 for different values of N.

N=2

Fig. 1. Form of the quark potential for different values of the Euler number.
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The second important characteristic of the quark is its energy. When
the quark moves inside the hadron, its averaged energy is defined as (Landau
and Lifschitz, 1971; Namsrai, 1991)

mc? A2
= l -
JST= i °"p{ao<1 A ¢ N)}

xz 12
- 13
x[ Al —(xvz/cz)]] (43

From this we immediately conclude that the quark undergoes a finite
motion, the phase diagram (Fig. 2) of which takes the form

X o (14)

where pp. = mc, p = \/;mv, and xx = Xp = 2\/'—;\'?6. Assuming oy =
m,?, we get X, = 107" cm.

From expressions (11) and (14) one can conclude that the quark mass
is changed according to the formula

—_ xz —_
m-—m,=m exp{m (1 N)} (15)

Itis easy to see that the rest mass of the quark becomes zero at sufficiently
large values of N. In the nonrelativistic limit, expression (13) takes the form

Fig. 2. The phase diagram of the quark inside a hadron.
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2 2 2
Eronret = p'{mc‘2 1 - _x_i + mv [(1 +2x + 2xA a- N))
X0 2 g

x J1-%_ ——L]} (16)
B J1 = ()

p’ = exp{(A\/ag)(1 — N)}. Here we have assumed that x*/x3 < 1.

Quantities (12) and (16) are quite sufficient to consider the classical
motion of the quark inside the hadron by means of the topological invariant.
We now go on to this problem.

3. CLASSICAL MOTION OF THE QUARK INSIDE THE
HADRON

In order to illustrate the quark motion from the point of view of the
classical theory we assume that a quarklike particle undergoes a finite motion
in some domain, and that its potential and energy are given by formulas (12)
and (16). Then, as usual, a classical description of the quark motion is carried
out with the aid of the correspondence principle. The Lagrangian function
of the quark has the form

& = Epone — U = D(x?) + %v—z Q0% an

where
27 1 2
= 2| o1 X 2 _x
D(x?) = mc [p (1 x%) + 3 p(l x%)]

OO < N PN " , %
Q(xz)—(l—;%) [(p +L)(1—;%)~2xp]+2xp—L(l x—%)
(18)
with
2
p= exp{ﬂ% a- N)}, L = 2xp’[1 + A’(l - N)],
[ 5 QL

0

2
L=Xp|:2+4—)\,(l—N:|

Qg

The Euler—Lagrange equation
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leads to the following equation of motion of the quark:

X A%\ w2
mv = Q“(xz){x—% [mc‘2<p - p’(l - E%) ) - TH(xZ):' (19)
+ xpv X MH(xz)}
where M = r X p is the angular momentum, and
H®) = (1 — x2/x(2,)‘3’2[—(p’ + L)1 — xxd) — 2xp'] +2L (20)

We see that equation (19) is nonlinear and quite complicated. Such a
composite form of the equation of the quark motion is caused by a self-
referential effect depending on the topological structure of space-time inside
the hadron. Terms in the right-hand side of (19) are responsible for a spiral-
like finite motion of the quark in the domain characterized by the parameter
ag. We now use another method for the integration problem (Landau and
Lifschitz, 1965).

The point is that our problem is reduced to that of the quark motion in
the external central field (12), in which its potential energy depends only on
the distance r from a definite fixed point (hadron “center”). In this case,
there is no need to write equation (19) of the quark motion and, by using
the conservation of its energy and momentum, one can obtain a full solution
of the given problem. Thus, introducing the polar coordinates (¢, r) in the
Lagrangian function (17), we see that the coordinate ¢ is absent from it, and
therefore the corresponding generalized momentum

oL ,
¢ EY ”1"2Q("2)‘P
is the motion integral, i.e.,

mrieQ(r) = M = const 2n

From this we define ¢ through M and substitute it into the expression for
the energy, obtaining

22 2
Eo =3 (7 + rigAN() + Dir?) = [ﬂ v

PR 2 2
> + 2mr2Q2(r2)]N(r ) + D(r%)

(22a)
where

2\ 72 2
N(r? = (1 - —2> [(p' + L’)(l - —2) - 2xp’] - 2xp + L(l - —2)
ro ro ro

(22b)
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and the functions D(r?) and Q(r?) are given by formula (18). From (22)
one gets

) M2 12
p= —— — = ~1(p2 - 23 — —
r= \/; [N \E ~ D) — 5 Qz(rz)] @3)

or, separating variables and integrating, we obtain

-2
- M?
1= /3 f [N "rE ~ D) - W] drtc  (24)
Further, writing (21) in the form
_ M
do = 200D dt

and substituting dt from (23) and integrating, we find

_ 1 MIrHN'2(r?)
® = zm ) OODIE = DD — NCOM2mr? QX)) 2

Formulas (24) and (25) solve the given problem in a general form. The
latter determines the connection between r and ¢, i.e., the equation of
the trajectory. Formula (24) defines, in a nonexplicit form, the distance r of the
moving quark’s point from the center as a function of time. Notice that
the angle ¢ always changes monotonically with time since from

+c (25

M = mr?¢Q(r?) = const

it follows that ¢ never changes its sign for appropriate choices of the function
QO(r?) in (18).

The radial part of the motion may be considered as one-dimensional
motion in the field with the “effective” potential energy

MN(r?)
— 2 A
Ueﬂ‘ D(r ) + 2mr2Q2(rZ)

Values of r at which the equality

M?*N(r?)

= 2 - -
E = D) + 5 50

holds define a boundary of the scattering domain of the motion from center.
From the physical point of view, in the general case, the variation of r has
two boundaries, 1, = o and ry;,, = 0, and therefore the motion of the quark
is finite and its trajectory is wholly situated inside the circle of radius xo =



452 Namsrai

-

-

Fig. 3. Possible form of the trajectory of the quark motion inside a hadron.

ro = 2./may. However, this does not mean that the trajectory is certainly a
closed curve.

When r changes from ryy = #y 10 rpin, = 0 and then to r,, again, the
radius vector turns through the angle A

j’max (M/rz)N”z(rZ)

, 00mE — D) - Mg 20

Ap =2

m

in accordance with (25).

The condition of the closedness of the trajectory consists in that this
angle be equal to the rational part of 2, i.e., it have the form A¢ = 2mm/
n, where n, m are integers. Thus, after n repetitions, the period of the radius
vector of the quark point has accomplished m full rotations and coincides
with its initial value, i.e., the trajectory is closed. However, such cases are
rare and for suitable choices of the form of the functions D(r?), N(r?), and
Q(r? (i.e., the Euler number should be chosen arbitrarily), the angle Ag is
not a rational part of 2. Therefore in the general case the trajectory of the
finite motion is not closed. It goes through its minimum and maximum
distances innumerable times (as shown in Fig. 3) and fills, during an infinite
time, the whole domain (i.e., inside the hadron) determined by the parameter
Q.

4. QUANTUM MECHANICAL CONSIDERATION OF THE
QUARK MOTION INSIDE THE HADRON

A quantum mechanical description of the quark motion inside the hadron
is carried out in the standard way. In accordance with formula (13), the
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Hamiltonian function of the nonrelativistic motion of the “free” quark takes
the form
) ,q2
myv X
H=|mc*+ 1)1~
( ? 2 X3

2

or

H L. my
(l — x2lx2)l/2 2

27)

where the quark mass m, is given by expression (15) and X§ = x(1 — Q¥
c?), x§ = 4may, and Q is the hadron momentum (velocity).

If the hadron is at rest, then Q = 0. Now omitting the inessential constant
chz and passing to the quantum mechanical quantities, one gets

Py

H___#7

(1 — HXH"?  2m (28)
The usual substitutions H = i 3/0t and p = —ih d/dx give
-2
(1 - ;—;) if Q = —f—r—: vy 29
In the stationary case
¥ = const- e{"MENP(x)

we have

ﬁ—z vV + (1 - —i)_mE‘I’ =0 30)

2m X3

It is easily verified that the function

2 . x2 —1/4
Y(x) = const-_[1 — X2 exp{ﬁ px(l - X_ﬁ) } 3D

satisfies equation (30) up to O(1/X3).
Thus, the full wave function of the stationary states of the quark has
the form

2 —1/4
¥ = const- /1 — X exp{—g Et + - 5 px(l - )—(5) } (32)

(E = p*2m).
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We see that this solution correctly represents the general physical picture
of the given motion of the quark. Indeed, the wave function (32) decreases
and goes to zero at the “surface” of the hadron x> = X3 and rapidly oscillates.
It has the form shown in Fig. 4.

Now we study the general situation when the constituent quark carries
some fraction of the total momentum xv? = Q?.

In this case, the total Hamiltonian function has the form (22a),

2
H = D) + 5= N(<)

or, in quantum mechanical operator language,

if(@¥ld) — DGV _  #2
N(2) T 2m av

where the functions D(x?) and N(x?) are defined by formulas (18) and (22b),
respectively. Since the functions D(x?) and N(x?) depend on the radius vector,
x* = r?, and therefore the problem is reduced to the Schrodinger equation
for the quark motion in the central-symmetric potential (Landau and Lifschitz,
1963). In the stationary case, it takes the form

AY + %’? (E — UMY =0 (33)

where E' = EN"!(r?), U'(r) = D(r®IN(r?).
Making use of the well-known expression for the Laplacian operator in
spherical coordinates, we get

Rey(x)

Fig. 4. General picture of the wave function of the quark inside a hadron.
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1af,oW\ 11 af.  oa¥ | a?wlf]
r2or (r 6r) r? [sin 0 30 (sm 0 69) sin’@ 9’

+ i—’;’ (E — UMY =0 (4)

If we introduce the operator

T B 3
pof L @, L2 'e—]
sin%0 92  sin6a0\ " 08|

of the angular momentum, then we obtain

A [_ii (,z ﬂ) LB xp] + U (DY = EV (35)

2m| rlor ar r?

For the motion in the central-symmetric field, the angular momentum
is conserved. We will consider stationary states in which [2 and [, have definite
values. In other words, we find general eigenfunctions of the operators fI,
12, and I,

The condition that V¥ is an eigenfunction of the operators 2 and [, is
that it defines its angular dependence. Therefore we seek a solution of equation
(35) of the form

Y = R(NY1m(O, @) 36)

where Y,,(0, @) are given by the standard expression

1 .
Ylm(ea ‘P) = gt e"mpelm(ea (P)

- e""‘“’(—l)"'i’\/(y; DU=m! prcosoy  (37)

2w I+ m)

Further, taking into account the identity
PYi = 10 + DYim
we have the following equation for the “radial functions” R(r):

1df,dR\ _ Ii+1 2m o -
= (r dr) SR+ [E-UMR=0.  (38)

The standard substitution R(r) = x(r)/r reads

ax _ [om o w+D] _
dr2+[h2(E Uy - =2 x =0 (39)
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The physical requirement of quark confinement gives

X(r=r0)=0
and
27 d \sinkr p _ J2mE
R=R,=(—1yY /=L L , =P _ Jmo
u=( )\/;k’<rdr) r k h k

at the “center” of the hadron, r/r, << 1, i.e., it returns to the stationary states
of the “free” quark at small distances at which the quark, at the same time
as the energy, possesses a definite absolute value of its momentum projection.
The normalization condition for the radial functions R(r) and x(r) is defined
by the integrals

4] 41]
J IR1%r? dr? and J tx12 dr
0 0
respectively.

Because of the complicated forms of the functions N(r?) and D(r?) an
explicit solution of (39) is impossible and numerical investigations are needed.
This problem is beyond the scope of this paper.

We now study an approximate equation which is obtained by means of
decomposing the functions N(r?) and D(r?) in power series of (r/rg). The
result leads to the Schrédinger equation with the spatial anharmonic oscillator
potential. We restrict ourselves to terms of order r?/r} and distinguish two
cases, where a dominating contribution comes either from the energy value
(16) or from the potential field (12). Such a difference depends on the Euler
number Euler(M) = 2 — 2N. Consider the first case and assume, as before,
X = 3 and N = 3. Then equation (33) acquires the form

AV + Zﬁ_n; (el - %mmfﬂ)‘lf =0 (40)

where

1
& =17 (mc* — Ee?), = -l——;-—l- ;lg (12(‘2 - ,%ez), e =273.

Equation (40) means that the quark moves in the spatial oscillator field

U = lmoi(x® + y* + 7% and admits separating variables, which leads to

three equations of the type of the linear oscillator. Therefore the energy
levels are

€ = hay(ny + ny + ny +3) = hoyn +3). 4D

In this case, there are (n + 1)(n + 2)/2-fold degeneracies of nth level,
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which is equal to the number of combinations by which n may be represented
in the form of the sum of three integer (including zero) positive numbers;
that is, just (n + 1)(n + 2)/2. The wave function of the stationary state is

2
\I’,,mzn3 = const-exp<—p2 %) H, (\)H,,(A\y)H,,(\2) 42)

where H,(x) are the Hermitian polynomials and p = /mw,/A.
On changing the sign of the coordinate, the polynomials H, are multiplied
by (— 1) therefore the parity of the function (42) is (—1)"1*m*m = (=)
Making use of linear combinations of these functions with the given
sum n; + n, + n3; = n, one can form functions

W,m = const- e~#7*2rng,,(0)e*ime (43)
Here 0,,(0) is given by expression (37), and m = 0, 1, ..., I, where

[ = 0,2,...,n for even n
“11,3,...,n foroddn

It is obvious that the latter is defined from a comparison between the
parity (—1)" of the function (42) and the parity (— 1)’ of the function (43),
which should be equal. In this manner, possible values of the orbital momenta
corresponding to considerable energy levels are defined. It should be noted
that in our case the energy levels of (40) are richer with respect to the usual
spatial oscillator problem. Indeed, our true energy levels are given by

- c 3 1 m?2 B 3\
(Er11)1,2 =e 2[’"02 tr—oﬁ(n +§)J11 +Z-C‘2—r02ﬁ2(n +5>

R 3
2mr0 ﬁ(n+2) (44)

in accordance with formula (41).
Let us consider the second case, where the main contribution arises
from formula (12). Assuming again x = 3 and N = 0, we get

AV + %’g (ez - %mw%rz)‘l' =0 (45)

where
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The energy spectrum now acquires the form

2
o afme 2 3 \/ 3\ 1 ]
(Exha =e { 2 ﬁC<n + 2) [Qﬁ(n + 5) C2r0m] 3

2
~sirg2 L (n + 3) } (46)

m 2

For completeness we consider again the case where both formulas (12)
and (16) give the same order of contribution to the quantities £’ and U'(r)
in (33), thatis, x = 3 and N = 1, and therefore

1
5 mwir?, 3 ;—% (25 = - = c2)

For the given case, the energy spectrum yields

3 fic 3 625 42 3\
Ma=-mx=(n+> + == —=5|n+3
(Eha e 2] (" 2)\/2 4 mirl (" 2)

25 #2 3\
+
> er (n + 2) 1))

Assuming ry = #i/m,c and collecting these three cases, we have:
1. (E}); = e ’mc?,

2.2 2
(E), = e“z[mc2 - (n + %) ] for N=3  (48)
m
2. (EY), = $e*'mc?,
C2 2
(B, = & 5 n+ for N=0 (48b)
2 m 2
2.2 2
Ey=2m2+25™ (03] for N=1 (480
2 m 2

We see that fluctuation of the space-time metric around the hadron
matter caused by the random string field yields a very varied spectrum of
excited hadron states. Among them there exist states with enormously high
energy levels, depending on the Euler number.
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S. QUANTUM FIELD DESCRIPTION OF CONFINED QUARKS
AND GLUONS

5.1. The Confinement Potential and Propagator of Confined Particles

The field concept description of the quark and gluon inside the hadron
is carried out by the same principle as is applied to the construction of the
usual theory of interacting particles, for example, photons and electrons.
Notice that, in contrast to the familiar constituent quarks, there is no talk of
the gluon as a “constituent.” The concept of the gluon field is just needed
to formulate a description of hadron matter by means of interacting quan-
tized fields.

The fundamental quantity in the field theory is the particle propagator,
or Green function, which reflects the causal connection of quantized fields
propagating between points of space-time.

To define this quantity in our case, we recall the well-known fact that
the form of the potential in the static limit is connected with the form of the
particle propagator. For example, the Coulomb and Yukawa potentials are
responsible for the existence of photon and scalar particle-transmitting quanta:

£ __¢€ 3 gior L 49
dnr Quy J p e “9)
_5_ —mr — g 3 ipr 1
amr € Qw)} J dpe m + p? (50)

Without loss of generality, we do not consider the tensor structure of the
interacting confined particle propagator, and define its form in accordance
with the general rules (49) and (50). For this purpose, we define the confine-
ment potential, in our case due to the self-referential effect, the contributions
to which arise from both the energy value (16) and the external potential
(12). The full potential is exactly defined from the total energy (22a) of the
particle when it is at rest. That is,

[_gl_ A S l_ﬁ] 0<r<r
Un(r) = D(r?) = { | 471y ré 4rr, r3) |’ - 0

0’ r0<r<°0

where g, = 4wrgmc?p’ and g, = 2wrync’p.
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In the general case, the quantities p’, p, and ry depend on the external
hadron momentum Q,

2
"= expy ——————
P {az,(l = QU
p=(p"),

L
rog = [4110((’)(1 - %)]

Thus we have the integral equation

A2 )
L l —_ r_ + _8_2_ 1 —_ .r_
47r, r3 47rg ré

C) 2
m)* @my’

To solve this equation, we integrate it over the angular variables. The

result reads
2
BT PO i R S P
41rr, ré 47rry r3

1 [ .
= 5 j dp p sin pr [c;Dy(p?) + ¢;DA(p?H)] (52)
n

1- N)},

J d’p €*'D\(p?) + I d’p % Dy(p’)

This integral equation has the unique solution
D = ¢ w3 o) | 823278 )snlro/P)
L2 (/P (roV/p)*
Here we have chosen the constants ¢; and ¢, in such a way that equation
(52) holds at the choice of the function (53), and J,(x) and Js,(x) are the

Bessel functions of the order of 2 and 5/2, respectively.
It is natural to generalize expression (53) for the relativistic case

D(p") = 3 rgi(rod/=P) Malrod/=p)

+ 2mr§garod —p) sp(red —p?) (54)
and for the particle with mass M (i.e., a gluonlike particle with mass M)

Dilp?) = 5 rbgi(rod/ME = pA) (o /M = pP)
+ V2mrdguro M = P Usp(ro JME = pB)  (55)

(53)
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where p? = p§ — p’. The latter gives the oscillation potential
2 ) L2\
————(1 -5 JInMJri-r»
22w r3 /M ( r%) MJro

172
U = g 1 2
M +-2—:T;(2)—M(1 - ) JMJr§—r? for 0=r<rn

‘:l\
on

=]

for rpr=r<w

(56)

If we assume that force-transmitting quanta giving the confinement potentials
(51) and (56) are gluons and Z-boson-like objects (gluons with mass M), then
expressions (54) and (55) may be written in the convenient form (inserting the
tensor structure, which is formed by using the Lorentz and color indices)

D(p») = G,.(p) = Vo(—Pri)Gop) (57
D.(p*) = G¥(p) = Vi~ P r3)GN(p) (58)

where
Vid—p?rd) = dmly(ro/M? — pP)
+ 712 p'Xro/M? — P \splro JME ~ pY)  (59)
Vo(=p*rd) = Vil —p*rd) | =0 (60)

Gh.(p?) and G%(p?) are the usual local propagators of gluons and massive
gluons, respectively. We call the latter color Z-like bosons. We see that the
propagators (57) and (58) possess some interesting properties:

1. They are entire analytic functions on the variable p?.

2. Their order of growth is p = 1/2.

3. They decrease rapidly enough in the Euclidean directions p? = —.

4. They have no poles in the complex plane p?, so that force-transmitting
quanta corresponding to these propagators are never observable.

5. Wave functions of these quanta are spread out over space-time,

Gl (x) = J d*y Kolx — y)G(y) (61)
or

Zpmoo(x) = J d*y Kn(x ~ MZ,() (62)

where Ky(x) and K,,(x) are nonlocal generalized functions (Namsrai, 1986),
the Fourier transforms of which are defined by [Vi(r3p?)]'? and
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[V.(rdpH]'?, respectively. The local wave functions of gluons G,(x) and
color Z-like bosons Z,(x) yield the usual propagators

(OIT(G,(GMNI10) = & A(x = )

(OIT(Z,(W)Z(»)}10) = %A.%(x -y (63)

by means of their 7-product operators in x space.

Concerning the quark propagator, it should be constructed by the same
procedure as just been defined for the gluon one. Thus, the confinement
propagator for the quark takes the same form as (57) and (58):

Sx(p) = V(—p*r$S%p) (64)

where $%(p) is the usual local propagator of the quark, which is used in QCD,
and the form factor V,,(—p?r}) is given by expression (59), where M should
be changed to m, the quark mass. Thus, we see that the confinement potential
due to the induced gravitation of “hadron” strings leads to a new type of
“strong” interaction in which there exist two decreasing coupling constants
g1 = 4mryn,c? and g, = 2wrgmictm® at N => « and 1Q| = ¢ [Euler(M) =
2 — 2N, Q is the external momentum of the hadron]. The corresponding
force-transmitting quanta become nonlocal and unobservable, and their propa-
gators are entire analytic functions. The quantum field theory for such interac-
tions is constructed by means of the Efimov (1985) method in which there
are no ultraviolet divergences.

5.2. The Lagrangian Function of the Confined Particle and Its
Quantization Procedure

5.2.1. Definition of the Corresponding Rule

Without loss of generality, we consider a one-component confined scalar
particle with mass m and the propagator

Val=P’rH)A(p) (65)

where A(p) is the usual propagator of the scalar particle in the momentum
space. The question arises of how to find the Lagrangian &£ of such a field
by knowing its propagator.

We act as follows. As is well known, in the traditional approach to the
description of the quantum field, the initial object of construction is a given
Lagrangian by which the propagators and vertices are formed. Let us consider
the most general Lagrangian
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L) = PFOVil(x) + 3000 Wye;(x) + L%, b, @)

The ¥; and ¢, denote sets of complex and real fields that may be scalar,
spinor, vector, tensor, etc., fields. The index i stands for any spinor, Lorentz,
isospin, color, etc. V and W are matrix operators that may contain derivatives,
and whose Fourier transform must have an inverse. The interaction Lagrangian
is allowed to be nonlocal, i.e., it depends not only on fields at the point x,
but also on fields at other space-time points x’, x" . ... The coefficients in
the polynomial expansion may be functions of x.
The explicit form of a general term in £(x) is

j d4x1 cedix, e Kiiy o (6 x5, x, .. -)‘l’ﬁ(xl) ey, () ‘Pi,,(xn) to

The K may contain any number of differential operators working on the
various fields. Roughly speaking, the propagators are defined to be minus
the inverse of the Fourier transforms of V and W, and the vertices as the
Fourier transforms of the coefficients K in &, [for details, see t’Hooft and
Veltman (1973)).

For example, the propagators are minus the inverse of the operator found
in the quadratic term:

= ';“P(x)[':] — mAe(x) = (m* — p* — ie)™!

- .a m— p
£ = Yo — —

B = mpp =
In contrast to the usual theory, in our scheme, the starting point is provided
by the propagators (57) and (58) of entire analytic functions, and therefore
we attempt to construct Lagrangian corresponding to these by using the
above-mentioned rule. Thus, for the scalar particle case one gets

Vol p’rd)
m? — p? — ie

= %, = 3 SOEEH0) (66)

where

o — m?
V(rid)

o) = K,(Me(x), EO) = (67)

The operator K,,(0) in (67) is nonlocal and may be represented in the form

@

K. =S =" (r3ay

n=0 M
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The generalized function K,,(x — x') = K(@)3¥(x — x') in (61) and (62)
belongs to one of the spaces of the nonlocal generalized functions considered
in Efimov (1977, 1985). In the general case, when there exists some interaction
term gU(d(x)) describing the self-interaction of the confined scalar field ¢(x),
we have

£ = 30E@d(x) + gU(d(x)) (68)

Our next problem is to quantize this system. We use the Efimov (1977,
1985) method. Formally, the equation of motion reads
E@)éd(x) = —gU'(d(x)) (69)
for the interacting field and
0-m

Vu(rdo)

E@d(x) = d(x) =0 (70)
for the free field.

For convenience, in what follows we omit the index m on V,(—/*0).
The problem is how to understand these equations, how to study and solve
them, and how to perform the quantization of the field ¢(x). We introduce
a certain regularization into the classical Lagrangian in a way that permits
us to carry out the usual canonical quantization. This quantization leads to
the appearance of additional ghost states with indefinite metrics. The ghost
states disappear when the regularization is removed, but a trace remains,
namely the propagator of the scalar particle becomes nonlocal according to
(65). Thus, instead of (69) or (70), we consider the regularized equation

E@¢¥x) = —gU' (%)) 7n
or, in the case g = 0,
EX@¢%x) = 0 (72)
Here & is a parameter of the regularization such that
—_—m2
Instead of the Lagrangian (68), we obtain
L) = 36 WEXOGYx) + gU(d*(x)) (74)
The regularization is chosen in such a way that the function
k2 — mZ

B®) =y
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has zeros in some set of points:
B ~ (K — m?) [] [k — m}(®)] (75)
=1

so that m}(3) > 0 (j = 1,2, ...) and m}(8) = = when 8 = 0.

Then the field $3(x)(d > 0) can be quantized by methods using indefinite
metrics (Pais, and Uhlenbeck, 1950; Nady, 1966). The Hamiltonian H} and
the vector space of states H® with indefinite metrics can be constructed for
the free system when & > 0. Further, the S-matrix, and also different operators
such as the current

J3) = i[3S%/3D%(x)1$>"
the Green functions
G*(x — y) = (I TP ()D*()]10)
and the Wightman function
We(xy, ..., X, = (O1D%x)) - - - PO(x,)10)

can be found for the confined interacting system.

By definition, we consider that when & = 0 the limits of all these
physical quantities are the quantum field solution of the initial system (68).
The problem indicates such a regularization procedure, which provides the
existence of the limits of all operators and matrix elements for all physical
quantities at § = 0.

This means that we have to obtain a self-consistent theory in the limit
5=>0.

5.2.2. Regularization Procedure
Let us consider the regularized function

& u(z — 1)
V(—z\) = ,.2’0 {H’-‘:?[l - 8/%(z — 1)]}

J
& (—D'u(z — D)'[T(n + 3))°
<o "IN [z — p(d))

(76)

n

[p is the growth order of V(—r3k?)] instead of the function

k)

V(=r3) = 3 vk — miyr

n=0
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where we have denoted
z = Kim?, N = m?r, U, = v,\", o<llp=2,
u®) =1+ j%
From the form of the function
E¥2) = (z — DIVY(—2\) (77)
it follows that the function

1 _ V3(—2z\)
E¥2) z—1

(78)

is a meromorphic analytic function in the complex z-plane and has simple
poles at the points

o~y

(G=1L2,..)
and decreases as [except the ray (z: arg z = 0)]
VEYZ) =~ 12173 ), (=18 " 2, [T(n + 3)]°
n=0

when | z| = . Here the series converges (Efimov, 1977). For the meromorphic
function (78) the following representation is valid:

o (—IYA(S)}
V/EYz) = — L 79
@=2 {z BWE) 7
where
A®) = X uc, GR) (80)
n=max(0,j-2)
[T(n + 3)I°
= 81
T TG - OIGE2 — ) @D
The numbers A;(d) satisfy the condition
> (—DA®EM=0 for N=0,1,2 (82)
n=0

The inequality T Hooft and Veltman, 1973)
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const - exp{B(j°/5)'"?}
I['(2 - o))
is valid for the number A;(3) at large j, where B is some number and (1/2)c
< 1.
Let us now consider the function
Dk = —[EX(kH)]™!

which has the following properties.
(1) It is a meromorphic analytic function in the complex k*-plane and
has simple poles at the points

A;(d) =

k* = m}®) = m*n(3) = mz(l + %T) G=12..)

(2) The residues of D*(k?) at these points are given by
Res D¥(K?) = (—1Y*"1A;(8), ~ K2 = m}(d)
(3) When |k?| =  in all k? planes [except the ray (m?, )]

VW(—kr) 1
m* -k \13

D¥k?) =

(4) The function D¥(k?) may have zeros at the points
K =a, r=012,..)

(&)

V(—K2rd)

(m* — %)

i.e., it becomes an entire analytic function in accordance with (59).

lim D3(k?) =
820

5.2.3. Quantization of the Regularized Equation

Let us consider the classical system described by the Lagrangian density
$3(x), (74), where the regularized operator E%(0) satisfies the properties
enumerated above. According to the principle of stationary action, the wave
equation for the system described by (74) has the form (71). It is a differential
equation of infinite order, i.e., it is an integral equation.

In order to solve the Cauchy problem we have to know the values of
the function $3(x) at all its derivatives at the initial time.

We analyze the solution of this equation following the scheme proposed
by Pais and Uhlenbeck (1950). Let us introduce the system of fields

&} = [4;®NHEO@} () (83)
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where the coefficients A;(3) are introduced by formula (80),

mf(S) = mX(1 + j°/) (G=0,1,2,..) (84a)
and
N ()]
HO =5 me) (8%0)

According to definition (83), the fields ¢f’(x) are not independent for
different j and they satisfy the relations

(AN E (D} d}x) = [AD®)]HEND) )M x) (85)
The field $3(x) can be expressed as

¥(x) = 20 (—1Y[AL®)]'2)(x) (86)
=
In fact, on the one hand, the chain of equalities
_ X 1V P — 1 50N —
¢ = 3 CDABEO) = [ EG(D)]E‘S(DW () = $°()
is valid. On the other hand, using (85), it is possible to obtain

$x) = AN EXD) Z:,) (— DTAL®)] ()

;) (— YA AP PEX O} (x)

_ %y A®) _ 4
=2 ( 1){D — mg(a)}p(c’)“’?(") &)

On the basis of the correlations (83), (85), and (86), the Lagrangian
density can be expressed in terms of the fields $b2(x)

Px) = %120 (— 1YdXID — mA(8))b3(x)

+ gU{;) (—IY[A,(B)]‘%?(x)} (87)

Assuming the fields <I>}’(x) to be independent variables, and making use of
the principle of stationary action, we obtain from (87) the infinite system
of equations
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B — mi(®)))(x) = —g[A,(S)]“ZU’{ 2 ( —l)’[A.-(S)]"Zd)F(X)} (88)

i=0

The system of equations obtained here is equivalent to (71). Indeed, first,
the relation (85) results directly from the system of equations (88); second,
(71) is fulfilled if $3(x) is connected with the fields $¥(x) by the relation
(86), and making use of (86), (85), and (88), it is easy to verify that

E@dx) = EXD) 20 (— IY[A(®)] ' $)(x)
=

0~ mX3)
(A"

i

2, (- 1)"[A,(8)]“2{ }[A,-(a)]"ZE%?(x)
=

O — m¥d) & . -
= —— 00 S (—1yA®)ESH

Ao 2 VAGESE

[0 — M)A~ i)
—gU'($%x)
wherei = 0,1, 2,....

Thus the Lagrangian (87) and the system of equations (88) are completely
equivalent to the Lagrangian (74) and (71). Therefore, one can assume that
our initial system (74) is described by the Lagrangian (87), where the fields
¢f-’(x) are independent and satisfy the equation of motion (88). The method
used here is well known in the theory of differential equations. It is used in
general when a differential equation of the highest order is replaced by a
system of differential equations of the first order. All the above arguments
concern classical field theory. The quantization of the system of classical
fields {$2(x)} can be performed according to the canonical procedure of
quantization. Let us introduce a momentum field conjugate to $3(x, 0),

I(x, 0) = [8/3¢2(x, 0)] J dy £y, 0) = (—1Y$xx. 0) (89
The dot denotes the differential with respect to time:
Bk, 0) = = d8(x, D)l
fASI ot dASal =0

We treat ¢} and II? as operators with the commutation relations
[$5(x, 0), b3(y, O))- = [TI¥(x, 0), [T}y, 0)]- = O
[$P(x, 0), IT3(y, 0)]- = iB;8(x — y) (90)
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or
[65(x, 0), b(y, O)]- = i(—1¥8;8(x — y) Y

It is seen that the indefinite metric is to be employed to quantize our system
in a regular manner (Nady, 1966). As we are unable to solve the system of
equations (88) exactly, our problem is to construct the perturbation series for
the S-matrix and we perform the quantization of the noninteracting system
of fields {$3(x)}, i.e., the case when g = 0. Instead of (88) we have

[@ — m}(®)]d(x) = 0 G=0,12..) (92)

The solution of these equations can be written in the form
) = @my~" j &k [265) " dpe™™ + dig®)  (93)

where
wk = K2 + mX®)]"? = [K* + m¥(1 + j°/3)]'"?
From the quantization conditions (90) and (91), the operators dy and dj satisfy
[ diwl = [di, dix] = 0
(dp, diic] = (—1)Y3;;8(k — k') %4

The Hamiltonian of the noninteracting system can easily be obtained. Let us
write it in the normal form

H} =Y (-1y J d*k widida 95)
Jj=0

The system under consideration consists of quanta with the following
mass spectra:

2 > —
28) = 4™ Jj=0
mj(®) {mZ(l FFR), =12 (56)
Let us define
du = ag and dox = ay 97)

When 8 = 0, the masses of quanta with j = 1, 2, . . . go to infinity, according
to (96). These quanta are called ghost states or ghosts. The quanta with j =
0 have finite mass m. We call then normal particles or scalar particles with
mass m. The space of states H® is a vector space with indefinite metric. It
consists of:
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(1) A vacuum state 10) that is unique, defined by the conditions
dxl0) =0 and normalized by 010y =1
(2) One-particle states |j, k) = dj!0), which are normalized by
U klj', K = (= 1Y8,:8(k — k)
and are eigenstates of the Hamiltonian H$,
H}lj, k) = oiklj, k)
(3) Many-particle states. If there are n particles with momenta k,, .. .,

k, and among them there are v, v5, ..., vo (n = vy + v, + -+ + 1)
identical particles, i.e., with the same index j, then the following is given:

"l) = ljla kl, oo ’jm kn) = <vl! e va!)_llz ;{kl dj:k,,|0>
These states are also eigenstates of H§:
H3in) = (0, + -+ + @3 10)

All these states generate a complex system of eigenstates in the vector space
H}, ie.,

(¥)per = 10)01 + i i (—1)"‘+"'+1'"Jd3kl J dk, In}¥nl =1

n=1 ji,...,jn=0

What happens with the space H® when 8 = 0? At § = 0, the masses of
all ghosts increase according to (96). Therefore, if any physical state is
characterized by a definite value of energy, then in the limit 8 = 0 no physical
states with arbitrary but finite energy can consist of ghost quanta. In this
sense we have

lim H® = H (98)
8=50

where H is the Hilbert space which contains (1) a vacuum state 10}, a,10)
= 0, and (2) single- and many-particle states

In)y = 1Ky, ..., k) = (n1)""a, -+ af,10)

All these states generate the complete system in H:
(*)per = 10X01 + Jd3k1 jd3k,, kg .. KKy, .. Kl =1
n=1

5.2.4. Green Functions of the Field ®(x)
First let us consider the commutator
A¥x — y) = [®¥x), P (y)]- (99)
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Substituting the representations (86) and (99) and using (93), we obtain
A¥(x) = 3, (—1YA(3)ALx) (100)
=0

Calculation of the explicit form of the different two-point Green functions
is carried out in many textbooks of field theory (see, for example, Bogolubov
and Shirkov (1980). We use here their results. Thus one gets

A¥x) = 2m)~3 j d*k e(ko)d(k*> — mi(B))e ¥

my(d)
4mi

= 2%” G(XO)S(XZ) — (xZ)—1/29(x2)11(mj(8)(x2)1/2) (101)

where

_[1 >0 _ft >0
e(t)—{_l i e(z)—{o 20

Because the series (100) converges absolutely, we have
A¥x) =0 when ¥ <0 (102)

Thus the operator ®%(x) satisfies the local commutation relations.
Let us now introduce the functions A%(x) according to

A} y(x — y) = A} (y — x) = (01D )DP(y) 10)
We have

AL(x) = Y, (—1YA(®)AL () (103)

j=0

where
A}"t(x) = (2m)~3 J d*k 0(Fko)d(k2 — mf(B))e""“

For x> = 0 one obtains (Bogolubov and Shirkov, 1980)

. 2 2 im?
Aj:(x) yp €(+x0)9(12) Al + 1612 ln( 4 167

X e(Fx0)0(x?) + O(x* In X2)

Substituting this expansion into (103), we obtain
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2 hd g
A% (x) = # 20 (~VA®W In w + 0 Inxd),  pd) =1 +j§
P

Here we have used the correlations (82); hence it appears that the function
A%, (%) is finite at x = O and that

2 x
m .
Alo(0) = 75 2, (~1YA®)py In p; < 0 (104)
j=0
This means that the operator ®3(x) is well defined because of

01 DP¥x)P3(x)10) = A?_)(O) < oo,
Let us consider the causal Green function

Adx — y) = OIT[P*()D¥(y)]10) = 20 (—IYA(®ALx — y) (105)
7~

where
Al(x — y) = —i2w)~* f d*k e~ [m}(®) — k* — ie]™!
Otherwise
A¥x) = —iQ2m)™* J d*k A¥(kP)e* (106)
where

Ak = }:‘) (— 1YA@)m3B) — k* — ie]™!
P

m* — el 2, T~ om e — B ] )

The function A%(k?) is analytic in the complex k* plane for Im k> = 0 and
has simple poles at the point k> = m*8) — ie (j = 1, 2, ...). The retarded
and advanced Green functions can be defined in the following way:

AR(x) = 80)Ax) = AXx) + Ady(x)
ALa(x) = —0(—x)A%x) = AXx) — A} (x) (108)
They satisfy the conditions

x2<0

3 —
Af(x) =0 for {xz >0, x<O0.

<0

x>0, x>0 (109)

Agdv =0 for {
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Thus we can see that all Green functions satisfy all requirements of the local
quantum field theory. This means that the field ®3(x) is local. The following
usual correlations are valid for the regularized Green A%(x) and Ad.y(x)
functions:

AYx) = B(x)AL,(x) + B(—xo)AL:(x)
AB*(x) = B(xg)AP(x) + B(—x)A2_,(x) (110)

5.2.5. The Interacting System Before Removal of the Regularization

The interacting confined system is described by the Lagrangian (87).
The total Hamiltonian of this system has the form

H® = H} + H}, (11D

where H3j is given by the relation (95) and
HY = —g J d3x :U(P%(x, 0): (112)
In the interaction picture, we have
HA(H) = e ™H3H3 ¢} = —g I d3x :U(P(x, 1): (113)

Although the operator ®3(x) is well defined, as we showed in the previous
section, the Hamiltonian H3(¢) is not defined, since the theory is transla-
tionally invariant and thus there are difficulties connected with the Haag
theorem (Wightman, 1964). It is necessary to introduce the operation of
“switching on” and “switching off” the interaction g:

-e2)-4)

Such a regularization simultaneously takes into account first that our system
is situated in a box, violating Euclidean invariance, and second that the
interaction is adiabatically switched on and switched off at infinity, i.e., when
t = *. The large parameter L defines the intensity of switching on the
interaction. The function g(x) satisfies the conditions:

MN0=gx)<g

(2) g(0) = g

(3) [d"g(x));=0 = O forn = 1, 2, 3, 4, where d" = 9, --* 9,
(4) [dxglx) <=

B)egx) e Z,fora < 2p/(2p — 1) = @

where p = 1/2 is the order of growth of the nonlocal form factors (59) and (66).

n
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Removal of the regularization corresponds to the limit L = », at which
lim g(x/L) = g(0) = g (114)
L=

Thus the Hamiltonian (113) in the interaction picture takes the form
HED(@p) = —J d’x g(x/L, t/L) :U(P¥x, 1)): (115)

We recall that when 3 is positive, then the Hamiltonian (115) is well defined,
so that it is not necessary to introduce any ultraviolet cutoff. The regularized
S-matrix can be written in the standard form

SHL = Texp{—i r dt H},?“(t)}

—

=T exp{i J d*x g(x/L) :U(D¥(x, t)):} (116)

Here T has the meaning of a strict ordering operator of the quantized fields
®(x) with respect to time. The chronological pairing of the Green function
of the operators ®%(x) is given by formulas (105)—(107). Since the operators
®3(x) and HR"D are well defined and local, then the $>-matrix on the vector
space H® is unitary and microcausal, i.e.,

SS,L(SS.L)+ = SS,L ®8 (SB,L)+ =1

5,L
3 {8_5_ (SSL)*'} =0 when x < y (117
9g(x)

3g(y)

[for details, see Alebastrov and Efimov (1973, 1974)].
The typical problem of nonlocal quantum field theory consists in proving
the existence of the following sequence of limits in each perturbation order:
St = lim $%, S = lim St (118)
3=30 L=
Here the first limit 8 = 0 means the removal of all ghost states from the
theory. The second limit . = o means the passage to infinite volume and
switching on the interaction over all four-dimensional space.

5.2.6. The Green Function in the Limit & = 0

The Green function in the limit 3 = 0 is the generalized function that
is defined on a space of test functions Z,. Therefore, we have to consider
improper transitions to the limit, i.e., investigate the limit

lim f d*x AY(x)f(x) = lim f d*k A3(k)f(k) (119)
=0 =0
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where AY(x) is the Green function and f(x) € Z.. Omitting some details of
the estimations (Efimov, 1977, 1985), one can obtain

lim I d*x A3(x)f (x)
530

= lim i~'Qmw)™* J d*k f(k) i (—l)’A,(S)[m}(B) — Kk — ie]™!
=0 j=0

= Tim i1 -4 4 f(k)
%gnoz 2mw) Jdk———-——-—mz_kz_ie

o i {1‘["” var§ (i — mly }

=N dm=% o — m* + ie)]

iTlQm) J' d*k V(—r¥)fk)im? — i — e}

because of f(x) € Z..
Thus the causal function A%(x) changes in the limit = 0 into a nonlocal
confinement propagator:

lim A¥k) = D(I®) = Vo (—r¥D)m? ~ K — i€e]™! (120)

The function D(k?) has no single poles at k* = m?, in accordance with the
function (59). However, the poles corresponding to all ghost states have
disappeared.

The function (120) is the entire function and it does not correspond to any
“real state.” This function describes the nonlocal and confinement character of
the interaction of our spread-out particles inside the hadron.

Thus in the limit 8 = 0 our theory becomes nonlocal. In other words,
the “ghosts” (which disappear in the limit 8 = 0) as a self-memory make
the theory nonlocal. Consequently, the nonlocal and confinement character
of the interaction of the classical field (68) is revealed in quantum field
theory as a residual effect of the nonphysical ghost states when these ghosts
are removed by the transition to the limit = 0.

6. NONLOCAL ELECTROMAGNETIC INTERACTIONS OF
CONFINED QUARKS

6.1. Introduction

Before we construct a nonlocal quantum chromodynamics, we consider
a simpler system: the interaction between a nonlocal photon and a confined
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quark. As shown above, in the case of the scalar particle the Lagrangian
density (68) for the extended field ®(x) = K, (rjd0)e(x) is equivalent to the
usual standard form

L = 36)@ — m)Hex) + gUK(ri)e(x)) (121)

with the nonlocal interaction term in accordance with the regularization
procedure d:

(a) The commutator A%(x) = {P3(x), P3(0)]- changes into the commuta-
tor of the scalar field ¢(x)

gim A¥x) = A(x) = 2m)~? f d*k €(ko)S(k? — m?)e **
=0

and

(b)
lim A3 (x) = A.(x) = 2m)~3 J d*k 0(Fko)d(k* — m*)e
5=0
in the improper sense.

(c) The existence of these limits means that there exists a weak limit:

lim ®¥(x) = @(x), (@ — mHp(x) =0
=0

(d) All ghost states disappear in the limit 3 = 0, i.e.,
lim H® = H
=0
Thus the initial Lagrangian describing the electromagnetic interaction of the
quark may be chosen in the form
L(x) = Lo(x) + Lin(x)

Lx) = —% 18,4, M8, AD)]: + 2 W x)(id — myWix):
J

Lin(x) = € Tr()A(x)We(x): (122)

where Af(x) and W#(x) are the nonlocal fields of photons and quarks. The
summation in the expression £y(x) extends over all quark fields (j = u, d,
C, ...

There are various approaches (Efimov, 1977; Namsrai, 1986; Moffat,
1990) to the gauge-invariant description of the nonlocal interaction of fermi-
ons (122). The theory with the interaction Lagrangian

LEx) = e T(AR)V(x): (123)
has been studied by Efimov (1977), where ¥(x) is the local spinor field. In
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this theory the pure fermion loops are not regularized in a unified way, so
the vacuum polarization diverges.

The finiteness of these diagrams is achieved by using a special cyclic
regularization procedure carried out over whole fermion loops [see Efimov
(1977, 1985) for details].

Recently, the interaction Lagrangian

PU(x) = e Fr)Ar(x)¥r(x) + &, (124)

where 2(¥, A ) contains higher order interactions necessary to restore gauge
invanance, has been studied by Moffat (1990). The third scheme (Namsrai,
1986) for the construction of the gauge-invariant nonlocal interaction of type
(122) is based on the Feynman diagrammatic techniques, in which the gauge
invariance of quark dynamics means that every matrix element of the S-
matrix has a definite structure, and algebraic relations exist between them. For
example, the following procedure (Namsrai, 1986) is based on Kroll (1966):

(1) To satisfy the conditions of gauge invariance for the nonlocal theory
(with changing propagators of quark and photon), one must change the form
of the one-photon vertex

Yo = uu.(qv k) = - u.(k)sl—(-l(‘i) (125)
due to the Ward—Takahashi identity
kO.(p, 9) = Sk(P) — Sx(@) (126)

where
U,.(p, @) = Se(Puu(q, )S(@) (p=k+ q)

Here Si(p) is the nonlocal propagator of the quark and 4, (k) is some operator
whose actions on the entire functions are

d(OV(=g’r}) = [V(—(q + kr}) ~ V(—¢’r})] "—;’2— (127a)
d OV (=g} = ~V U (~(g + WP OV(-FrdIV-(—¢*r2) (127b)
d,(Sk(@) = —Se(@ + b)Id,(k)Sz " (@IS
= Sp(g + k)T\.(k, 9)Sa(g) (127¢)
where
Ovutk, @) = upu(k, ) = —d (K)Sz'(§)

(2) The proof of the validity of the nonlocal generalized Ward—Takahashi
identity is
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(Pn — 40P, @) = SK(P) — Sr(@) (128)
where
U.(p, @ = Sk(Pluu(q, SKd), k=p—gq
Taking into account the relation
uu@, b = v V' (=prd) + (m — ¢ — BV (=pr))
X [d(OV(—g*rPIV~'(—¢rd) (129)

and equation (127) we get, after some calculations, identity (128).
(3) The charged closed loop in the nonlocal theory (122) is determined
by the expression

Mky, ..., k) = ;ll'fd“q Tr{UR(q; ki, . . ., k)Se(@)} (130)
where
Ug; ki, - .., k) = V(—qard)Ung; ki, .. ., k)
SeGnUq; Ky, - . ., k)SR(@) = (= 1)d(k)) - - - d(k,)Sp(G) (131)

with Uy = Sz!(4). Tensor indexes are omitted here.

6.2. The Construction of the S-Matrix for the Quark Dynamics

Formally, with the interaction Lagrangian (122) the S-matrix can be
written in the form of the T-products:

-

S=1+i),

n=1

1
R

S = (! f dx - f d%, T4 [] szmu)} 132)
j=1

Here the symbol T, means the so-called Wick T-product or T*-operation
(Bogolubov and Shirkov, 1980; Efimov, 1977) and the lowercase d corres-
ponds to the algebraic prescription determined in Section 6.1. In order to
construct the perturbation series for the S-matrix (132) by prescription of the
usual local theory, it is necessary to change (in the Feynman diagrams)

m+ k m+ k
) 2 _ .3 7
me -kt —ie m*—kP—ie

Bu(—k* — ie)! = g, Vo(—Kri)(—k* — ie)™" (133)

V(—k?rf)
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and at the same time to insert the modified vertex (125) into the vertices of
the external photon lines. The calculation of the matrix elements for the
charged-quark loops will be undertaken using formulas (130) and (131).

For the purpose of calculation it is convenient to present the nonlocal
form factor (59) in the Mellin representation

1 (TP .
0<B<l (134)

where

(135)

B Sy

O = "tg e+ P TR+ &)]

and the regularization multiplier Pl guarantees the passage to the Euclidean
metric in intermediate calculations for the S-matrix elements.
6.2.1. The Diagrams of Vacuum Polarization

In the gauge-invariant nonlocal theory the vacuum polarization at the
second order of perturbation theory (Fig. 5a) is given by an expression of
type (130),

;2
II%,(k,, k2) = lim —

o 22 J d*q Vi(—4*rd) Tr{U%.(g: ki, k)SK@)}

(136)
where k; + k, = 0,
Sr(@2)U,(q; ki, k)Sp(@) = (—1)2d,(k))d,(k2)Sp(d)s @2=q+ktk=q

Expression (136) is simplified by the d-operation determined in Section 6.1.

a) b) c)
Fig. 5. The primitive Feynman diagrams in nonlocal quark dynamics.
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Thus, making use of the definition of the d-operation for the entire functions
and taking the trace of y-matrices, we get

- e Vol —4°rd) 1 1
l'I[u,(k) = }\)m; 2 )4Jd4q Tr{ylL p— 'y,,m =7 + 'y“m sy

X [du()Vo(—qrD)]

+ 2 4 (VA }
= M0k + QK + 20

where q, = g + k,
1

Rk = 4p(1 — -s)J dx (1 — x)7¢

0

X Jd“q LE22q,9, + 2k.g, + gu(m? — ¢ ~ (k)]

@k = 2 Jd“q [quk, — gk, + 8K + (k)]

i
X {(m2 — g3 — ie)f ! + gj

0

dx (1 - x)—1—€§g§—l}
fR%0) = 5 @kk, — K,

X jd“q [(m* — g% — ie)* — (m* ~ g} — ie)¥]

Here we have used the representation (134) for the form factor and the notation
£ =m— g* — 2x(kg) ~

ie? 1 (7P wE) v
= — <B<I
P (2m)? 2i J—B . % GnmE sin wE 0<p

Going to the Euclidean metric and integrating over d*q, we obtain, in the
limit & = 0,

N B 1 [TR v(§) r2)E
H“"(k)_211-2 (kuk, — Kg,,,) 'me d§ — pr §( %)

! (- §)
— g 57
dexx(l X) T = SL’S

§£O=1—£2x(l—x)
m
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Assuming m*r§ << 1, we get

M) = 5 " ks kzgw){{;_' [f ‘g‘;_;] + v(l)mzr%[% _ 11_2:1_22]}
V0= “é [_— ip_] (137)

and the fact that w(0) = 0. We observe that expression (137) is essentially
different from the usual vacuum polarization in QED. Terms like In(m?r}),
which diverge at r, = 0, are absent. Therefore, the finite-charge renormaliza-
tion is needed in the quark dynamics. It should be noted that in the limit r,
=> 0, our theory becomes trivial, i.e., all propagators of the quark and of the
nonlocal “photon” become zero.

6.2.2. The Diagram of Self-Energy

The corresponding term in the S-matrix (Fig. 5b) can be written in
the form

—i P)ZTp(x — PW(Y):
Se(x) = (2m) 2 J d*p €73 x(p)

where
—ie2 4 Vi(—k’r}
2R(p) (2 )4fdk —kz—iﬁ ‘Yu.
m+p— k

Va(~(p ~ b?r}
mz_(p_k)z_iE'Yu ( (P )rO
The calculation of this expression is carried out in the same manner as in
Namsrai (1986). The result reads

e 1 —B—ie v(g) m2r2ye L
3k(p) = 32 2 fﬂﬁw v g( 03

YT V(T]) 2.2 r(—g - Tl)
X J M Gnm " T - B - )

y+ioo
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1 2 E+m
X f dx (1 — x)ix-é(l - %x) @m — px),
0 m

0<B<1, O0<y<l (138)
Assuming that the value of m?r3 is small, we obtain

. 2 —B—ies
Sipy =28 j dE

2
87° 2 ) g4

iGN {( g)[ —’53(1—»;)]+m2r%v(1 ey

sin?wé
X [2m——(p+2m )(1 —€)+ 1 p P2 -8 'E)]}

We see again that this expression is finite at the limit rj = 0 and differs
from the QED value.

If it is necessary for the choice of the function v(£) in (135), it is simple
to calculate integrals of the type

Full (91 G I
ZiJ d sin’n§

—B+i
6.2.3. The Vertex Diagram and the Correction to the Anomalous Magnetic
Moment of the Quark
In the momentum representation, the matrix element corresponding to
the vertex diagram (Fig. 5¢) has the standard form

Ui(p, g) = i"'eé*2m)~* j d* DX(—(p — k)*rd)y, d(@)Sxkyy,

where
du@Sek) = (m = k — §) "y, Vu(—Rrd)m — b
+m = k= @7 Vil —Ck + @I — Va—KrD)Gv,q”
The symbol & for the intermediate regularization procedure is omitted here.
By using the identity

a 1
a”—b”=nj dxx""=n(a—b)J dx [(a — b)x + b]"!
b 0
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we can transform the difference of the form factor values into
Voa(—(k + gHr) — V(—k*r)
L™ v
= —[qg® + 2 — dt ——
lq (kq)] 2% J 3 sin E

—B+ic

&

1
X f di{m® — K — 2x(kq) — q*x]*""

0

which is useful for concrete calculations.
The useful form for the matrix element of the vertex functions between
two “free” single-quark states is

UR(p. 9) = ﬁ(p’){v.f (g9 + ﬁ Umq”Fz(qz)}u(p) (139)

where
p=q+tp o,= %(v,m ~ VYW
Fi@) = H@) +H@), FA) = 8@ + 847
Here
High = N, n){[—Z + 83 — 2B% - 2% a-va- a)]r(l -m-9

X §£l'l+'l+§ - 21"'(_1] - g)&nlﬁg}
gi(g®) = 4NE, DB — BT — q — HPI**E

1 2
5q?) = N(g, 'n)nf dt {[2% -2 il (a + ry)](l - B —2a - 2ty)

2
0 m

X T(1 —n— LTI — 2 (—7 —§)§B§+"}

1

g2(q%) = AN, ) f dt(1 =B —2a —2r)I(1 — m — §E; '
0

A B (Y RPN |
NE ) = 2 2 Lsﬁm dE prgr: (m*rd) %

—p—i%®
f dn si‘r)l(?'r) (m’re)"
_p+,‘g° n
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1
“Ta - ord -

L) = (1 - By — (@/mP)ay
L:(g% = L@ — (@FmHry(1 — 1y) + 2(@/mP)toy + (¢*imP)ryB

Ultraviolet and infrared divergent terms in the first expression of (139) in the
limit g = 0 are absent, and therefore the corresponding charge renormalization of
the quarks is finite. The second term (139) at > = 0 contributes to the anomalous
magnetic moment of the quarks by

—B—~iw —y—i®
a = Fy0) = — “J dgj T iy M) oy

QiY2m ) g, _y+s  SinmEsin

1
H JdaddeB""v'“S(l —a-B-v

0

I'A—m—-§I'd +2 +m)
TG-—mIG+m+&

0<By<l (140)
As usual, assuming m*r} << 1, one gets

g =2 {mzr%[_ 23[‘““‘” ag YO — 8 g)]} (141)

2 32i ) gopm sin?w§

X (1 =mn)1-¥§

We see that the Schwinger term o/2m is absent here. This is natural,
because our theory does not contain the usual local electrodynamics of the
quarks in the limit r§ = 0.

Thus the S-matrix (132) is gauge invariant. Indeed, in the quark dynamics
under consideration the Ward identity

0 & -

P e = —Ui(p, 0) (142)
is valid, since this identity is a direct consequence of the identities (127) and
(125). Since it is not necessary to subtract any infinite counterterms, no
dangerous terms which can break the Ward identity (142) when formula
(127) is valid will appear in the perturbation theory. The diagram of the
vacuum polarization is gauge invariant due to our choice of the gauge-
invariant regularization procedure of Kroll (1966).
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